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We discuss the effective action of moduli fields in warped brane-world compactifica-
tions. For definiteness, a two-brane model with a bulk dilaton field and a power-law
warp factor is considered. After deriving the classical four-dimensional effective action
for the moduli, we present the calculation of the one-loop effective potential induced
by bulk fields. A detailed discussion of renormalization is given, with emphasis on the
local worldsheet operators which are generated. Finally, we outline the possible role of
these operators in the stabilization of the moduli.
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1. INTRODUCTION

Brane-world scenarios, where two or more parallel branes of dimensitn 3
are embedded in a “bulk” of larger dimension, have recently been used in order
to construct models of considerable phenomenological interest, both in particle
physics and in cosmology (Antoniadis$ al, 1998; Arakani-Hameét al., 1988,
1999; Chiba, 2000; Garriga and Tanaka, 1999; Khoury et al., 2001; letkals
1999; Randall and Sundrum, 1999; Shiroméal., 2000). Usually, these models
admit an effective four-dimensional (4D) description at low energies, where the
distances between branes are represented by scalardjédy(nw =0, ..., 3)
called moduli.

An important example is the Randall-Sundrum | scenario (RS) (Randall and
Sundrum, 1999), where the bulk is a slice of a five-dimensional (5D) anti-De
Sitter space (AdS) bounded by two branes of opposite tension. Matter fields may
be restricted to live on the branes, or, as in many extensions of the original model,
some of them are allowed to live in the bulk too (Gherghetta and Pomarol, 2000;
Goldberger and Wise, 1999a). In RS there is a single modulus, calleddios,
related to the thickness of the AdS slice. Itis giverjkx*) ~ my, exp[—d(x*)/{]
whered is the physical interbrane distandds the AdS, curvature radius, ang)
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is the Planck mass. In the 5D theory all fields are assumed to have physical masses
comparable ton,, but the 4D effective mass ~ my(y) of fields living in (or

near) the negative tension brane, is much smaller. This is duectdshifteffect
induced by the AdS geometry between the branes. The exponential dependence of
the massem on (d) can easily explain a large hierarchy between the Planck scale
and the electroweak scale, without the need of invoking very large numbers. This
is of course one of the main assets of the RS construction.

Usually, moduli fields are introduced by substituting certain integration con-
stants in the classical solutions (e.g. the interbrane distances) by slowly varying
fields. If the solutions exist for a continuous range of the integration constants, the
corresponding moduli are massless. This corresponds, for instance, to the situa-
tion where there is no interaction between branes. Phenomenologically, however,
massless fields are undesirable because they give rise to long range scalar forces
which are severely constrained by observations. Another point to consider is that
through their couplings to matter, the moduli tend to evolve cosmologically, caus-
ing time variations of the fundamental constants (see, e.g.,&ralx 2002, for a
recent discussion of this issue).

Therefore it is of some interest to investigate possible stabilization mech-
anisms for the moduli. A stabilization can be achieved by introducing new in-
teractions determining the equilibrium distances between the branes. In the RS
scenario, a very elegant mechanism has been advocated by Goldberger and Wise
(GW) (Goldberger and Wise, 1999b; Tanaka and Montes, 2000). In the GW mech-
anism, an additional bulk scalar field with suitable bulk and brane potentials holds
the branes in place, and gives the radion a mass slightly below the TeV scale,
making it potentially accessible to collider experiments (see, e.g., Kribs, 2001, for
arecent review).

An alternative possibility is that even if the moduli are classically massless, a
suitable mass may be generated by quantum effects. In the absence of supersym-
metry, moduli fields tend to develop an effective potential at one-loop order. This
happens already in the simplest Kaluza-Klein (KK) compactification, and even if
there are no branes (Appelquist and Chodos, 1983a,b). A 5Dxfietoh be splitin
an infinite tower of massive KK fields, labeled by a discrete indl€khe masses
of the KK fieldsm,(¢) depend on the sizg of the extra dimension, and because of
that an effective potential (¢) is generated at one loop. From the 5D perspective,
this corresponds to the (nonlocal) Casimir energy density due to the presence of
compact directions.

In most cases, the self-gravity of brane and bulk matter content induce a warp
in the extra dimension. In this situation, the renormalizatioy @f;) is more elab-
orate than itis in flat space. In particular, local terms proportional to worldvolume
operators on the brane are generated, which may give rise to interesting physi-
cal effects. Here, | report on the work done in this subject in collaboration with
Oriol Pujolas and Takahiro Tanaka. In Garriglaal. (2001a), we considered the
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particular case of the RS model. A curious result was the absence of Coleman—
Weinberg terms in the effective potential. As mentioned above, in the 4D effective
description, the fields living in the negative tension brane have masses which are
proportional to the radion expectation value. This is reminiscent of the Higgs
mechanism in the standard model, and naively one might have expected the usual
4D logarithmic effective potential for the radion(y) oc ¥# In . However, we
showed that a regularization which would preserve the 5D general covariance
did not produce such logarithm (see also Bresilal, 2000; Flachi and Toms,
2001; Goldberger and Rothstein, 2000; Nagitial., 2000; Toms, 2000). Initially,

this result was somewhat discouraging since it means that the one-loop effec-
tive potential induced by gravitons was not useful in the context of a solution to
the hierarchy problem. Indeed, the requirement of a large hierarchy required a
fine-tuning of parameters (in addition to the usual fine-tuning of the cosmological
constant), which in turn resulted in a very small mass for the radion, well below
the phenomenologically acceptable values.

Recently, however, we showed in Garriga and Pomarol (2002) that bulk gauge
fields (or any of their supersymmetric relatives) can do the job. These fields induce
logarithmic contributions to the radion effective potential which are sufficient to
stabilize it, generating a large hierarchy of scales without fine-tuning. In this case,
the effective potential takes the fov{y/) o ¥*/(In ¥). The logarithmic behavior
can be understood, in a 4D holographic description, as the running of gauge cou-
plings with the infrared cutoff scale (which corresponds to the electroweak scale).
Thus, Casimir forces due to bulk gauge fields provide the stabilization mechanism
which is necessary for a complete solution to the hierarchy problem in the context
of the RS model.

The RS model is a somewhat special case, in that the bulk and branes are
maximally symmetric, and all possible counterterms amount to renormalizations
of the brane tensions. A more interesting behavior of the effective potential is
expected in warped brane-world models which are not maximally symmetric, and
in this case one may expect that the hierarchy can be generated without recourse
to the peculiar behavior of bulk gauge fields.

To clarify this issue, in Garriget al.(2001b) we considered a class of models
in which the bulk is no longer AdS. The model contains a bulk “dilaton” scalar field
with an exponential potential which is coupled to the 5D Einstein gravity. This
provides a family of solutions with two classically massless moduli (a combination
of which is the distance between branes). The solutions have a power-law warp
factora(y) « y¥ instead of the exponential warp of the RS model. Here the
proper distance in the extra dimension ang a constant which depends on the
parameters in the Lagrangian. Epe 1/6, this reduces to the heterotic M-theory
brane-world of Lukagt al.(1999), which may perhaps be relevant for the recently
proposed ekpyrotic universe scenario (Khoetrgl., 2001), whereas the RS model
is recovered in the limigg — oo.
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In what follows, | shall review the main results of these investigations, with
an emphasis on the renormalization of the effective potential. (For details, see
Garrigaet al, 2001a,b.) In Section 2, the 5D model is introduced. In Section 3
we derive the action for the 4D moduli fields. These are massless at the classical
level, owing to a scaling symmetry of the 5D action. In Section 4 we give a brief
account of quantum effects by considering the effective potential induced by a
conformally invariant field. This case is rather trivial, and it properly illustrates
the Casimir interaction between the branes. However, it misses the possibility of
interesting local terms induced at one loop. Section 5 deals with the formalism
for the calculation ofV(g;) in more general cases, and contains the core of the
discussion on renormalization. Possible consequences for the stabilization of the
moduli are summarized in Section 6.

2. CLASSICAL DYNAMICS

A simple model where the one-loop effects will play an interesting role isa 5D
space—time with a nontrivial background scalar fig)dvhich we shall refer to as
thedilaton. This is necessary to obtain a departure from the maximally symmetric
AdS bulk. The fifth dimension is compactified oZaorbifold, with two branes at
the fixed points of th&, symmetry. The action for the background fields is given

by
-1 5 1 2
S = K—/d X /=9 <R+§(a¢) +Ae°¢)
5

—o+/d“x V=0r e°¢/2—o-/d4X¢—g_ e%/?, 1)

whereR is the curvature scalar arg = 167 G5 (whereGs is the 5D gravitational
coupling constant). We have denoted the induced metrics on the positive and
negative tension branes Igzv andg,,, respectively. A solution of the equations

of motion can be found by making an ansatz where the 4D metric is flat,

ds® = dy? + a(y)n,, dx* dx’, 2)

with ax*-independent scalar fieltl = ¢(y). The positive and negative branes are
placed ay = y, andy_, respectively. Under these assumptions, there is a solution
for any value ofc, given by

¢ = —/6q In(y/yo),
ay) = (y/yo)%, ()

_ 2 _ [za-4q)
q_@, Yo = A (4)

where



Moduli Fields in Warped Compactifications 1347

(constant rescalings of the warp factor are of course allowed, but unless otherwise
stated, we shall take the convention th@y) = 1 aty = yp), provided that the
tensions are tuned to the values

1 [asga

In the absence of the branes, the spacetime (3) contains a singulayity at

Since we are considering the range betwgeandy, , this singularity is of course
inocuous. Our spacetime consists of two copies of the slice comprised between
y_ andy,, which are glued together at the branes. Hence, the fifth dimension is
topologically anS/Z, orbifold (see Fig. 1).

Forg = 1/6, this solution is precisely the M-theory heterotic brane of Lukas
et al (1999). On the other hand, the RS case, where the bulk is AdS and there is
no scalar field, can be obtained by taking the limit> co andyy; — oo simulta-
neously, while its ratio is kept fixed,

= lim 2= | —". (6)

Definingy = yp + y*, we find that in the limit the warp factor becomes an expo-
nential

lim a=¢e"/t,

g—o00

which corresponds to AdS space with curvature radius equal to

a(z) a(z)

7+ z z=0 z+ z z

N
[}
<
N
i

zZ — 0

Fig. 1. For g < 1, in conformal coordinate, the singularity sitszat 0, and the coordinate of the
negative tension brane is smaller than the coordinate for the positive tensionerm,/z_ > 1. For
q > 1, the singularity is placed at— oo andz,, and sop < 1.
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3. MODULI FIELDS

For fixed value of the coupling, the solution given above contains only two
physically meaningful free parameters, which are the locations of the byanes
andy, . This leads to the existence of the corresponding moduli, which are massless
scalar fields from the 4D point of view. In addition to these moduli, the massless
sector also contains the graviton zero mode. To account for it, we generalize our
metric ansatz (2) by promoting,, to an arbitrary 4D metric:

ds® = dy? + a(y)§,. (x) dx* dx". 7)
The metric induced on the branes is given by

g,:i:v = azzt[g;w + a;zauyiavyi]-

Here, and in what follows, the subindicg&smean that the quantity is evaluated at
the perturbedbrane location.

Substituting the previous expressions into the action (1), with the addition of
the extrinsic curvature terms, and using the background equations of motion we
find

S 1o [ a6 - R - iGer - Gena]. @©

Yo\ T2
Y+ = (%> )

and the 4D Newton’s consta@ given by

1\ G
G:(q+§)y—;’. 9)

The modulus corresponding to the positive tension brane has a kinetic term with
the “wrong” sign. However, this does not necessarily signal an instability, because
it is written in a Brans—Dicke frame. One may go to the Einstein frame by a
conformal transformation. It is convenient to introduce the new magdaind
through (Khouryet al,, 2001)

Here we have introduced

¢+ =@ coshy, ¢ =g sinhy,
and to define the new metric
g;w = Qﬂzguv-

It is then straightforward to show thal,/§R = /—g[R + 6¢2(d¢)?]. Substi-
tuting into the background action (8), we have
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-1 s, 6 (9)? 129 -
=_—— [ dxJ/-0{R Y2t 10
S 167TG/ g{ tiroq 2 T 1129 (10)
Therefore, both moduli have positive kinetic terms in the Einstein frame. At the
classical level, the moduli are massless, but as we shall see in the following sections,
a potential term of the form

5S= _/d4x V(p, ¥) = —/d4x\/—_g\7(<p,%lf) (11)

is generated at one loop, which should be added to (10).

In the RS limitqg — oo [see Eq. (6)], the kinetic term for one of the moduli
disappears. This is to be expected, because the bulk is the maximally symmetric
AdS space. In this case only the relative position of the branes, y_, is physi-
cally meaningful and the other modulus can be gauged away (see also Barvinsky,
2001, for a recent discussion of this case).

Since we are interested in the effective potential for the moduli, it is perhaps
pertinent to start by asking why are these fields massless at the classical level. The
reason is that under the global transformation

Gab = T?Gap, (12)
¢ — ¢—(2/c)InT, (13)
the action (1) scales by a constant factor
S - T°S.

Heregap is the metric appearing in the action (1). Acting on a solution with one
brane, the transformation simply moves the brane to a differentlocation. Hence, all
brane locations are allowed, from which the masslessness of the moduli follows.
However, we should hasten to add that this is just a global scaling symmetry which
need not survive quantum corrections.

It is interesting to observe that by means of a conformal transformation, we
may construct a new metrgfg which is invariant under the scaling symmetry

08 = €% Qap. (14)

Now, the symmetry is a mere shift éh Moreover, with our background solutions
for gap andg, the metriogfg is just AdS, as can be easily shown from (14) and (3).

4. EFFECTIVE POTENTIAL INDUCED BY BULK
CONFORMAL FIELDS

Before embarking on a detailed discussion of renormalization, we shall con-
sider in this section the case of a conformal bulk figldThis case is rather easy
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to handle, and it is useful in illustrating the nonlocal contribution of the vacuum
energy to the masses of the moduli.

Following the discussion given in Section Il of Garrigaal. (2001a), we
define the conformal coordinates by

1—q
- / dy|_ Y (l) , (15)
a(y)l 11-4al\yo
and we rewrite the metric as
ds? = a2(z)(dz2 + o dx*dx’), a(2) = (z/20)?, (16)
where
q Yo
P 1-q [1—q] an

Here we should mention that the direction of increasimpes not coincide with
the direction of increasing whenq > 1.

The Casimir energy densify of the conformally coupled scalar field in this
spacetime is related to its counterpart in a flat spacetime with a compactified extra
dimension& = 1 in the above metric) by a conformal transformation. The relation
is p = a~°, wherepy is the flat space value:

Vo A 772 —3
= = i A= ——h(—4)~ 246 x 10°°, 18
27 -7 Y2z 325R(-4) x (18)

Herez, andz_ are the positions of the positive and the negative tension branes in
the conformal coordinate The double signs in (18) refer to bosons or fermions
respectively. Then, we find that the contribution of a conformally coupled scalar
field to the effective potential per unit co-moving volume is given by

V(zp,z)=/—-§V = 2/a5(z),o dz=

L0

A — 19
:F|Z+_Zi|4 (19)

Here,V is the effective potential per unit “physical” volume (i.e. the volume as
measured with the Einstein metdgto be inserted in (10). In terms of the moduli
fieldsg andyr, we have

V(g, ) = FBA%p ¥ [(coshy)* ! — (sinhy)¥ 1] ~*, (20)
where we have defined
A(l-q)* 1
ToRl-492° ' T1t+2q’
andwe have usedq = ¢* forthe background solution. It should be mentioned that
local terms induced by quantum corrections may be added to (20), both because

of fields which live on the branes as well as from nonconformal bulk fields. A
discussion of these terms is deferred to the next section.
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In the RS cas¢r — 0 they dependence in (20) disappears, and we recover
the results of Garrigat al. (2001a). We have

A A .
Vrs = ir%“ ¥ sintt 2y

Foryr « 1, thefieldyr correspondsto the hierarchy between scales on both branes:

a TeV
tanhy ~ y = — ~ — « 1,

a, Mp
wheremp; ~ 10'° GeV is the Planck mass. In the second equation we assume that
the warp is responsible for the hierarchy between Planck and electroweak scales.
In this case we have

Vrs(¥) ~ Z—AA M+4y+-- ]~ A(TeV)™.

Here we have assumed that the AdS radius is not far below the Planck scale, in
which case the contribution to the effective potential is of electroweak order. This
huge contribution must somehow be cancelled by some other term in order to have
an acceptable 4D cosmological constant. Also, the slope of the potential has to be
cancelled at the place where the radion sits. These two conditions can be imposed
if we allow for a finite renormalization of the brane tensions, which contribute
proportionally toa? o cosif  ~ 1 anda* o sintf y ~ v for the positive and
negative tension branes respectively. With these additions we have

Ves(¥) = AL™%[c1 + Coy* + 4y ° + -,

wherec; andc; are undetermined constants which can only be fixed by experiment.
The “renormalization” condition, V (1) = 0 at the observed value of the radion

¥ = Yops ~ TeV/mp forcesc, ~ yops Hence the mass of the radion induced by
this quantum correction is given by (Garriggal., 2001a)

3
mg, ~ Ag‘%’; ~ AyopdTeV). (21)
Pl

Again, in the last equality, we have takémo be similar to the Planck scale. The
radion mass is much lower than the electroweak scale and hence it is not enough
for a phenomenologically viable stabilization of the radion. The reason for such a
small mass is tha¥ (1) is polynomial for smally, with the first power being*.
The situation would be different if the potential took the foyrfi log(y) as in the
Coleman-Weinberg case. Then, the induced mﬁ,swould be of the same order
as the induced potential. Remarkably, the absence of logarithmic terms extends to
the contribution from massive fields too (Goldberger and Rothstein, 2000) (see,
however, Garriga and Pomarol, 2002, for an exceptional case which may stabilize
the radion at an acceptable mass).
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For the more general case of a power-law warp factor, the possibility of an
efficient stabilization by quantum effects will depend on the nature of the local
operators which are induced by quantum corrections. We now turn to a discussion
of this subject.

5. EFFECTIVE POTENTIAL IN THE GENERAL CASE

In this section we set up the framework for computing the contribution to
the one-loop effective potential from a scalar figlghropagating in the bulk with
a generic mass term, which may include couplings to the curvature of spacetime
as well as couplings to the background dilatkrThe effective potential for the
moduli y; will be defined as usual in terms of a Gaussian path integral around the
background solution. Before presenting the actual calculation, however, a digres-
sion on the choice of the measure of integration will be useful.

A quantum field theory is defined not just by the classical Lagrangian, but
it is also necessary to specify the measure of functional integration. The latter is
usually prescribed by demanding certain symmetries or invariances. For instance,
for scalar fields in curved space, invariance under diffeomorphisms is an obvious
requirement. If gravity were the only background field, then this requirement
would suffice to uniquely define Gaussian integration around that background. On
the other hand, if there are fields other than gravity with a nontrivial profile (such as
our dilatong), then there is a wide class of possible choices, related to each other
by dilaton-dependent conformal transformations. All choices within this class
are equally good from the point of view of diffeomorphism invariance. Strictly
speaking, however, they are inequivalent becuase of the well-known conformal
anomaly.

To be definite, let us concentrate in the simple case of a bulk scalaryfield
with canonical kinetic term. The (Euclidean) action for this field is given by

1
Sl = 5 [ 4°xv=0x P, 22
where we have introduced the covariant operator

Here,Oq4 is the d’Alembertian operator associated with the meggic andE =
E[dan, ¢]is ageneric “mass”term. Typically, this takes the fdEm= —m? — ERyg,
wheremis aconstant masg,g is the curvature scalar, agds an arbitrary coupling.
Throughout this section we shall leaeunspecified.

A volume measur®, in field spaceF can be found from a metriG,, on
F, through the relation

D, =vG[dx*. (23)
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Here, the spacetime coordinatesandy are considered as continuous labels for
the coordinatesc* = x(x) of the infinite dimensional spac&, and G is the
determinant ofGyy. To specifyGyy, we note that a natural definition of a scalar
product in the space of field variatiofig can be given in terms of the spacetime
measural i (x), through the relation

Syt 500 = f duu(y) due(x) Guyd x5y = / A1 (X) 8 32098 x2(x).

We denote field variations by, just to emphasize that we are refering to ele-
ments of the tangent space. More precis&ly,= 5 x* ex, wheree, = 9/dx* is

the coordinate basis of the tangent space at the powhich corresponds to the
background solution. In a Riemannian spacetime, the invariant measure is given

by
du(x) = /g(x)dx, (24)

whereg is the determinant af.p, andD is the dimension. The implicit definition
of Gyy given above is just the identiy, (x, y) with respect talu integration:

§"(x —y)
Va(x)

It is convenient to express the field variations in an orthonormal hgsisith

{(Xn, xm) = 8nm, SO thats, (x) = >, c"xa(X). In this basis, the components of the

field variation are", and the metric is just the usual delta function (the continuous

or the discrete delta function, depending on whether the normalizatigp, a6
continuous or discrete):

Gxy = 8u(X, y) = (25)

Gnm = Snm.
Substituting this in (23), we have
D, =[]dc. (26)
n

It should be clear from the previous discussion that the definitiofpf
is associated with a natural definition @f.(x). However, in the problem under
consideration, the choice dfu is not unique. In our case, there is a nontrivial
dilaton field¢, and we can consider a whole class of spacetime measures of the
form

dud(x) = /G d°x = 2P(¢)/g d°x,
which correspond to conformally related metrics
ggb = Qggaby

for an arbitrary functiorf2,(¢). In the presence of a dilaton, the coupling to gravity
is not universal and it is not clear which one of these metrics should be considered
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more physical. To proceed, it is convenient to define the opeRtassociated
with the metricgl, by

Q(P-272p @-D)V2 _ g-2p, (27)

whereP was introduced after Eq. (22). This operator can be written in covariant
form as

Py = —(C + Eo),

where
D-2 D —2)\2
Ey = (T) g INQy — (T) ggbaa In Qg dp INQy + ngE,

and 0, is the covariant d’Alembertian correspondingd§,. Introducing x, =
Q@-P)/2y the action for the scalar field can be expressed as

Sl = 5 [ dxvB0 P 28)

In terms ofg?, the fieldx, has a perfectly canonical and covariant kinetic term.
Thus, the same arguments which lead to (25) can now be used to find the

natural line element in field space associated with the spacetime meas\ira.

In the basig x4n}, Which is orthonormal with respediu,, the field variation can

be expanded a¥x,(x) = )_,, €} xon, and the new measure takes the form

(Dx)e =[] dd). (29)

Usingxom = Q;D/ZXm, itis straigtforward to show thaf" = M["'cj, whereM[" =
(Xm> le)(n)u = (le)nm. Hence the two measures (26) and (29) are related related
by
Dy = Jo(Dx)eo» (30)
where the Jacobian is formally given by
Jp = det(2,;%) = exp[-Tr In]. (31)

In the last step we have used the formal definition oflthérace :

O] = Z/de 0“2 xm(Oxm) = Z/de &% xom(Oxom)-

2The definition of the trace is robust, in the sense that it is independent of the metric one uses in order
to define the orthonormal basis, as long as the corresponding measures are in the skas® This
will be the case, for instance, if the metrics are related by a conformal factor which is bounded above
and below on the manifold.
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The trace is well defined if the diagonal matrix elements of the ope¢atiecay
sufficiently fast at large momenta. Unfortunately, the diagonal matrix elements
of In 2, do not decay at all at larga, and so the trace is ill-defined unless we
introduce a regulator. We will address this question below, where we will explicitly
define what we mean by,.

Since we have a classical scaling symmetry in the gravity and dilaton sector,
one could argue thzgésg, which is invariant under scaling (see Section 3), is the
preferred physical metric. However, even in this case the divergent part of the
effective potential will not respect the scaling symmetry, and consequently we
need to introduce counterterms with the “wrong” scaling behavior. Hence, in what
follows, we shall take the conservative attitude that the measure is determined in
the context of a more fundamental theory (from which our 5D effective action is
derived). and we shall formally consider on equal footing all choices associated
with metrics in the conformal class gy, including of coursegfg. As we shall
see, the difference between these choices amounts to the addition of local terms
in the effective potential.

The contribution of the fielgk to the renormalized effective potentM) per
unit co-moving volume parallel to the branes is given by

exp[ — A(Vy + V)] = / (Dy)p &9 = (det P,)~Y2, (32)

whereA is the co-moving volume under consideration and we have used (28) and
the measure (29) to express the Gaussian integral as a determinant. Tu@ésm

a local counterterm, which, in dimensional regularization, needs to be subtracted
from the regularized effective potential (its explicit form will be given in the
coming sections). In zeta function regularization, the left-hand side is already finite,
andVaV is unnecessary (it corresponds to a finite renormalization of couplings).
Equation (32) can be written as

1 .
Vy = o In(detPy) — VAV, (33)
Equation (30) suggests the notation
1 - 1
Vo= In(detP) — VIV + v In J,. (34)

The reader should be aware, however, that the definition of the Jacobian in Eq. (31)
is only formal because the trace in the right-hand side of this equation is ill-defined.
For that reason, it is not clear that Eq. (34) would hold with the definition (31),
after substituting determinants by traces and applying any kind of regularization to
the formally divergent traces. To avoid misinterpretations, in the discussions that
follow we shall takeJ, to be defined by Eq. (34), that is

In Jy = %[In(detPg) — In(detP)], (35)
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where the expressioninthe right-hand side is to be calculated in some regularization
scheme.

The way thed dependence d&f; arises is very different in different regulariza-
tion schemes. In Eq. (34), the determinanPois independent of (we recall that
this operator corresponds to the chofeg = 1). In dimensional regularization,

In J, vanishes, but the divergent terdf!", which is subtracted from In(deR),
depends on the choice of physical megig. On the other hand, in zeta function
regularization, In(deP), is finite andV e does not play a role (in any case, any
finite renormalization does not introduce a dependenég.iRather, in this case,
the dependence @ncomes from InJ,, which does not vanish in this regularization
scheme. In both cases, thelependence df, is the same.

As we shall see, this dependence can be cast in the form of local operators on
the branes, and therefore the ambiguity in the choice of the integration measure
can also be understood as modification of the classical action. It should be noted,
however, that the local operators which result from a shiff ihave different
form than the terms arising from the usual shift in the renormalization constant
which inevitably crops up in the regularized traces. In the cases we shall consider,
the latter will take the fornK“(y.), whereK denotes terms which behave like
the extrinsic curvature of the branes at the positipnsOn the other hand, the
6-dependent terms behave K8(y.)p(yz). SinceK (y) behaves like the inverse
of y whereasp(y) behaves logarithmically witly, these terms will give rise to
Coleman-Weinberg-type potentials for the moduli.

5.1. Conformal Transformations and the KK Spectrum

The direct evaluation of the determinant®fappearing in Eq. (32) turns out
to be rather impractical, because of the complicated form of the implicit equation
which defines its eigenvalues. For actual calculations it is convenient to work with
a conformally related operatd® whose eigenvalues will be related to the KK
masses.

Following Garrigaet al. (2001a), we introduce a one-parameter family of
metrics which interpolate between a fictitious flat spacetime and any of the metrics
in the conformal class of the Einstein metric:

%o = 25(¢)Gab. (36)
wheref parametrizes a path in the space of conformal factors. For definiteness
we shall restrict attention to conformal factdeg(¢), which have an exponential
dependence on the dilaton:

BE-1)
z
Qy(2) = e=09/% — (Z) ) (37)

With this choicef = 0 represents flat space athé= 1 corresponds to the Einstein
frame metric (16). Fop = —1/8, the metricg’, coincides with the metrigfg
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introduced in Section 3, which is invariant under the scaling transformation (as
mentioned before, this metric corresponds to a 5D AdS space, with curvature radius
given byz).

The operatoiPy = Py is the wave operator for the KK modes, which one
would use in a 4D description. The Lorentzian equation of moign= 0 can be
written as

Poxo =0,
where
Po = —Op-1 + M%(2). (38)
Here,Op_; is the flat space d’Alembertian along the branes, and
M2 = —822 — Eg

is the Schodinger operator whose eigenvalues are commonly referred to as the
KK massesn,:

M2(2) xo.n(2) = M2 x0.n(2). (39)

The interesting feature of (38) is that it separates into a 4D part afiependent
part. A mode of the fornyo = €% x0, will solve the equation of motion (38),
provided that the dispersion relation

K.k" +m2 =0

is satisfied, and hence modes labeledhtiyehave as 4D massive particles. Tech-
nically, the advantage of working witl is that its (Euclidean) eigenvalues
Ank = k,k* + m? separate as a sum of a 4D part plus the eigenvalue of the
Schidinger problem in the fifth direction.

In the following subsections, we shall discuss how HBgis related to the
determinant of our interest, d&t or more generally to de®,. For completeness,
and in order to illustrate practical methods for calculating the effective potential,
we shall consider dimensional regularization and zeta function regularization. Both
methods will lead to identical results.

5.2. Dimensional Regularization

A naive reduction to flat 4D space suggests that the effective potential can be
obtained as a sum over the KK tower:

dP-1k k2 + m2(¢;, D)
Y5 [ G og (2. (40)

Here D = 4+ 1 — ¢ is the dimension of spacetime, and we have added) (
dimensions parallel to the brane. The renormalized effective potential should then
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be given by an expression of the form
V(g)=VP v, (41)

and the question is what to use for the divergent subtrasti®h Since Eq. (40)
is similar to an ordinary effective potential in 4D flat spdcene might imagine
thatV can be obtained fronv P just by dropping the pole term, proportional to
1/¢; but this is not true for warped compactifications

V(gi) # VP — (pole term)

The point is that the theory is 5D and the spacetime is curved, and this fact must
be taken into account in the process of renormalization.

Rather than proceeding heuristically from (41), we must take the definition
of the effective potential (33) as our starting point, where it is understood that
the formally divergent trace must be regularized and renormalized. In order to
identify the divergent quantity to be subtracted, we shall use standard heat kernel
expansion techniques. Let us introduce the dimensionally regularized expressions
(Buchbindetret al,, 1992; Elizaldeet al,, 1994; Hawking, 1977)

p_ K R(D)) _ _m
vV, = oA Tr In< e ) =51 l[)noasgg(s, D), (42)
where
i P@(D) - o ZMZS *© d&' 25 —£2P,(D)
s D)_Tr[( 12 > } “Te E° Trle @

It should be noted that the operafy is positive and therefore the integral is well
behaved at largé.

As is well known, the regularized potenti]° contains a pole divergence
in the limit D — 5. To see that this is the case, one introduces the asymptotic
expansion of the trace for smdll (Branson and Gilky, 1990; De Witt, 1975;
McKean and Singer, 1967),

Tr[f e*EZPg(D)] ~ ZE”fDaf?/z(f’ P), (44)
n=0

whereaTE’/2 are the so-called generalized Seeley—De Witt coefficients. In (44) we
have introduced the arbitrary smearing functiofx). This is unnecessary for the
present discussion, but it will be useful later on. Rot 5, their explicit form is
known for a wide class of covariant operators, which includesRuiThey are
finite and can be constructed from local invariants (terms constructed from the

31t should also be mentioned that each KK contribution in Eq. (40) is not just like a flat space con-
tribution, because in warped compactifications the KK masgge, D) depend on the number of
external dimensions parallel to the brane.
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metric, the mass terig, and the smearing functiof), integrated over spacetime.
For evem, they receive contributions from the bulk and from the branes, whereas
for oddn they are made out of invariants on the boundary branes only.

For definiteness, let us focus on the simplest case of a Dirichlet scalar field,
satisfying

x(z+) =0. (45)

We can use the result found in Bordatal.(1996), Kirsten (1998, 2001), Moss and
Dowker (1989), Vassilevich (1995) to compute the Seeley—De Witt coefficients for
a Dirichlet field with a bulk operatoP = —(T0 + E). The lowest order ones for
oddn are given by

_(471)(1 D)/2

ap,(f, P) = nylff(x)df’ Ix (46)

ab,(f, P) = —(n)e o Z/ V/gi dP~Ix{ f (96E — 16R + 8R
3/2\ 1y - 384 ~ Jyi g yy
+ 7K% — 10K, K*) + O(f.y, fyy)). (47)
The most relevant for our purposes will b@zz
—(4mr)-D)/2 _
Do(f, P) = i dP~Ix{ f ( 720E? — 450CE;
a5/2( ) 5760 I:Z yi \/E X Y%

+360E.yy + 15(7K2 — 10K,,,K"*” + 8Ryy — 16R)E
+20R? — 48R — 17R2, — 8RapR?® + BRapcdR*"*
— 20RyyR + 16RyyR — 10RyyRyy — 12R.yy — 15Ryyyy

215
— 16K, K" RY — 32K KP Rispus + 5 KK Ry

215

~ 25, KR+ AT

/c,w/cv — I

2

35 49
—~ 772/62 L4 RIK = KM Ry K + 42R;y K

65 141 17
— K~ T KM 4 KWK KR
128 32 + 2 p

777 327
+ —(IC’“IC,“)Z 5 ICMIC”"’ICMIC’“)

+ O(fy, ..., f;yyyy)} (48)
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Our notation is as followsE is a general scalar functioR{ 4 = +TH.4 — -
is the Riemann tensofRpc = Rf,. is the Ricci tensor, an® = Rapg?? is the
curvature scalar. The extrinsic curvature is givenidy, = (1/2)dy09,,, where
0. () is the induced metric og-constant hypersurfaces, aiid= C,,g*". The
vector normal to the boundary 8, and so the normal components are simply
they components. Tha, b, - - - indices run over the extra coordinate, and over the
directions tangential to the brangs,v, - - -. The omitted terms, represented by
O(f,y, ...), are linear combinations of the derivativesfofvith coefficients which
depend oriC,,, E, and its derivatives.

As mentioned above, the integral (43) is well behaved for larg®r small,
the integralis convergentfos2> D, as can be seen from the asymptotic expansion
(44). In the end, we have to consider the limit> 0, and so we must keep track
of divergences which may arise in this limit. For this purpose, it is convenient
to separate the integral into a smaltegion, withé < A, and a large region
with & > A, whereA is some arbitrary cutoff. Substituting (44) into (43), we can
explicitly perform the integration in the sméllregion for Z > D. This gives

2s o n—D+2s [}
1% A D d§ o —£2P(D)
, D)~ 2 Py) + T 0 ,
¢(s, D) E n_D ZSan/z( ) /A £ £5Trle ]

n=0
(49)

where we have used the standard notation

anD/z(PG) = a-nD/z(]c =1,P).

The second term in curly braces is perfectly finite for all values éfalytically
continuing and taking the derivative with respecttats = 0, we have

X, 2A"P -
¢'(0,D) ~ > — Dar?/z(PH)-‘rflnlte, (50)
n=0

where the last term is just twice the integral in (49) evaluatad=aD. Introducing
the regulatoe = 5 — D, the ultraviolet divergent part of,° is thus given by

: 1
vav = —aaSD/Z(Pg). (51)

The divergence is removed by renormalizing the couplings in front of the invariants
which make up the CoefficielatsD/z, and so this infinite term can be dropped. The
renormalized effective potential of our interest is therefore given by

T D _ ydiv
Vg = ||3|T5 [Vg V, ] (52)
To proceed, we need to calcula@D, which in principle requires calculating a

trace which involves the eigenvaluesRf, and as mentioned above, these are not
related in any simple way to the KK masses.
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However, it turns out that the dimensionally regulari&f is independent
of & whenD is not an integer. The dependencevff on 6 can be found in the
following way. First we note that

3 Tr[e 5P ] = Tr[252 £, () 2P e 5P = —£ 3 Tr[ fo()e €], (53)
where we have introduced
fo = 0y INnQp,

and the cyclic property of the trace was used. The above relation enables us to find
the dependence afP on the conformal factor:

9 I|m dsto(s, D) = I|m 85 8 / d& £20: Tr[ — fye” & S R 7
As with the expansion (49) we may again introduce the regulatand separate
the integral into a largé part with& > A, which is finite, and a smalf part
with &€ < A, which contains the divergent ultraviolet behavior. Assuming that
2s > D and integrating by parts, the resulting integrals in the sgnadigion can

be performed explicitly and we have

] 4SMZS o0 AN D+2s
8y lim dsZ(s, D) ~ lim 35— S Z 728.“/2( fg, Pg) + finite

(55)
As before, the last term just indicates the integral in the Igrgegion. Provided
that D is not an integer, all terms in square brackets remain finite at syatid
so the right-hand side of (55) vanishes. Hence, we find that

¥V, =0 (D # integer) (56)

In other words, the dimensionally regularized determinanPotoincides with
the dimensionally regularized determinantRyf and we have

VP =V =VP

dP-1k k2 2(¢i, D .
_Z /(Zr)Dl < +n:cn§¢ )>(D¢'”teger)

(57)

As was anticipated, we find that [y vanishes in the dimensional regularization
presented here in the sense given in (35).
Finally, from (52) and (57), the renormalized effective potential is given by

. 1
Vi) = fim [V - 5T e8|, 8)
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where the Seeley—De Witt coefficim)‘?/2 is given in (48) withf = 1. The above
equation bears the ambiguity in the choice of integration measure in the second
term in square brackets. Different value®djive different results. If we takgap
as the preferred metric, then we should é@se 1, whereas if we takggsg as the
preferred metric, we should uge= —1/8. As we shall see in the next subsection,
when we seD = 5 the coefficients,»(Ps) is also independent &f. Hence, the
pole term in the second term in (58) is independertt,as it should, in order to
cancel the pole itv P. However, the finite part does depend on the choiag of

The right-hand side of (58) is ready for explicit evaluation. For instance, the
case of massless fields with arbitrary coupling to the curvature,

E = _gRg,

and with Dirichlet boundary conditions has been discussed in Gaetiga.
(2001b). The result is the following: In the limit of small separation between
the branes, (+ 1) < 1, the integral behaves like (- t)~*, and the logarith-

mic terms can be neglected. In this limit, the potential behaves like the one for the
conformally coupled case, given in (19):

A

Vo(zy,22) ~ L
+_ —

(59)
For r « 1, when the branes are well separated, the inteégriaéhaves liker?”

and becomes negligible in the limit of smalexcept in the special case when
is very close to 0). In this case, we have

2v
V(s 2) ~ ﬂ4(ﬂ9+1)[|n(mz+) N |n(M22)} +O[<Zg> } (60)

(4m)? z z >
Because of the presence of the logarithmic terms, it is in principle possible to
adjust the parameteys;, 12 SO that there are convenient extrema for the moduli
z, andz_.

5.3. Zeta Function Regularization

The method of zeta function regularization exploits the fact that the formal
expression for the effective potential (42) is finite if the liDit— 5 is taken before
the limits — 0. This can be seen from Eq. (49), where the term with 5 is finite
if we setD = 5 before taking the derivative with respectsand settings — 0.
Clearly, the change in the order of the limits simply removes the divergenit&m
given in (51) and it reproduces the results obtained by the method of dimensional
regularization (up to finite renormalization terms which are proportional to the
geometric invarianag)3°(Py)).
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In zeta function regularization we define
1 1 .
Vo = 21 In(detPR,) = 21 lim 354 (S), (61)

wheregy (S) = ¢4(s, D = 5) [see Eq. (43)]. As in the case of dimensional regular-
ization, itis more convenient to calculafgthanVj, since the eigenvalues &f are
related to the spectrum of KK masses. An important difference with dimensional
regularization is that

—2A83Vy = 89¢,(0) = 2ag,2(fy, Py) # O,

a result which we already encountered in Garggjal. (2001a) (see also Bordag
et al, 1996; Kirsten, 1998, 2001). This can be seen from (55). If weDset 5
from the very beginning, the term with=5 in Eq. (55) is linear irs, and its
derivative with respect te does not vanish in the limg — 0. Here, and in what
follows, we use the notation

= lim a2,.
an/2 D—>5a“/2

Integrating along the conformal path parameterizegl loye can relate the effective
potential per unit co-moving volumé,, with the “flat space” effective potential
Vo as

1 0
Vo =Vo- f A6’ s, (o, o). (62)
0

The general expression fag)»( fs, Py), which applies to our case, has been derived
by Kirsten (1998, 2001). In Garriget al. (2001a) we evaluated the integral in
(62) for the RS case, in order to obtais from V. Here we shall present an
alternative expression for this integral, which does not require the knowledge of
as;2( fg, Py), but only the knowledge (}iSD/Z(Pg) for dimensionD =5 — €. This
will also illustrate the relation between the method of zeta function regularization
and the method of dimensional regularization.

From the asymptotic expansion of the first and the last terms in Eq. (53), we
have (Branson and Gilkey, 1994; Dowker and Kennedy, 1978)

3937?/2(%) =(D - n)a'{l]:)/z( fo, Ps). (63)
Integrating ovep, we get

6
(D —=5) [ a8l Pu) s’ = aB,(P,) — aB,(Py), (64)
Writing D = 5 — ¢, we have

1 r? 1
Vo Vo= /O 262 fo, Py} 40 = —[aD,(P) — aD,(R)].  (65)
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Note that from (51) and (58), the previous equation can also be written as
VP =V, + VIV = v+ Vv, (66)

This equation simply expresses the fact that the dimensionally regulaviZed
is independent of the conformal parametetas we had shown in the previous
subsection [see, e.g., Eq. (56)].

From (63), withD = n =5, one finds that the coefficieat,»(P,) is con-
formally invariant (Branson and Gilkey, 1994; Dowker and Kennedy, 1978) and
therefore

as/2(Py) = as/2(Po). (67)

Substituting this into (65), we obtain

0 / d D d D
| aontto P00 = G|~ bRy (6®)

Thus, the integral in (62) can be evaluated in two different ways. One is by using
the explicit expression dds»( f, P) given by Kirsten (1998, 2001). The other is
by taking the derivative of the coefficierag/z(Pg) givenin (48) withf = 1, with
respect to the dimension. [Note that the terms which are linear in derivativies of
which we have justindicated symbolically in (48), disappear whe&ma constant.]

The quantity discussed above is nothing butithikependence induced by the
choice of integration measure. In the sense of (35), we have

1ot
In Jy = @/é do a5/2(0, ng), (69)

where we have usefj = 9y InQy = (1 — 0)¢/3c. Clearly, the effect of this factor

is just adding local terms expressed solely in termg @nd the metric to the
classical action. The dependence of these terms is different from the change which
results from a rescaling of the renormalization parametéerhis corresponds to

a shift in the coefficient of local terms proportionaleg.(P).

6. SUMMARY AND CONCLUSIONS

We have studied a class of warped brane-world compactifications, with a
power-law warp factor of the forra(y) = (y/Yo)? and a dilaton with profile o
In(y/Yo). Herey is the proper distance in the extra dimension. In general, there
are two different moduly.. corresponding to the location of the branes. (Inthe RS
limit, g — oo, a combination of these moduli becomes pure gauge.)

Classically, the moduli are massless, but they develop an effective poten-
tial at one loop. We have presented methods for calculating this effective poten-
tial, using both zeta function and in dimensional regularization. An important
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point is that the divergent term to be subtracted from the dimensionally regu-
larized effective potential is proportional to the the Seeley—De Witt coefficient
as/2, given in (48). In the RS model, this coefficient behaves much like a renor-
malization of the brane tension, but it behaves very differently in the general
case.

In the limit when the branes are very close to each other, it behaves like
V « a*ly; — y_|™#, corresponding to the usual Casimir interaction in flat space.
Perhaps more interesting is the moduli dependence due to local operators induced
on the branes, which are the dominant term¥/{y,, y_) when the branes are
widely separated. Such operators break a scaling symmetry of the classical action,
which we discussed in Section 3, but nevertheless are needed in order to cancel the
divergences in the effective potential. If we denotekofyi) = q/y; the extrin-
sic curvature of the brane at the locatipa= y;(i = %), a renormalization of the
brane tension parameters in the classical action (1) induces terms proportional
toa(y;)*K; in the effective potential. These terms scale like the rest of the classical
action under the global transformation (12)—(13). On the other hand, the diver-
gences in the effective potential, proportional to the coeffiaggn(1, P), require
worldsheet counterterms which are proportionahty )*K *(yi). These have the
wrong scaling behavior [they simply do not change under (12)-(13)] and hence
they act as stabilizers for the moduli (Garrigfzal., 2001b).

In addition, there are terms proportionaldg),(¢, P), which contains com-
binations of the forna(y; )*K4(yi )¢ (y:). The coefficient in front of the latter terms
depends on the choice of the measure in the path integral. Different choices are
possible, which are related among each other by dilaton-dependent conformal
transformations. Because of the conformal anomaly, different choices are inequiv-
alent, but they are simply related by the addition of worldsheet operators propor-
tional toas/>(¢, P). Since¢ behaves logarithmically, these terms have the form
of Coleman—-Weinberg-type potentials for the modujiand they can also act as
stabilizers for the moduli.

As shown in Garrigeet al. (2001b), worldsheet operators induced on the
brane at one loop easily stabilize the moduli in brane-world scenarios with warped
compactifications, and give them sizable masses. If the warp factor is in the range,
9210, then this stabilization naturally generates a large hierarchy. In this case, the
mass of the lightest modulus is somewhat below the TeV scale.

Aside from the local worldsheet operators, which have been the main focus
of the present discussion, the nonlocal Casimir interaction due to bulk fields may
also be relevant. This is particularly important in the RS case, where all worldsheet
operators are proportional to the brane tensions and the above-mentioned mecha-
nism does not furnish a suitable stabilization. As shown in Garriga and Pomarol
(2002), the Casimir energy due to bulk gauge fields (or any of their supersymmetric
relatives) can in this case stabilize the radion at a hierarchical distance without any
fine-tuning of parameters in the theory.
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